Observations on spacetime symmetry and non-commutativity 
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We consider both the co-ordinates and momenta to be non-commutative and define a non- 
commutative version of Lorentz symmetry which has a smooth limit to the standard Lorentz sym- 
metry. The Poincare algebra in this spacetime has also been discussed. 
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The study of non-commutative geometry and the for- 
mulation of field theories in such a space-time have 
become the subject of intense investigation recently 
[3) S S fl S @1 • O ne possible motivation is the the ap- 
pearance of the non-commutative field theory as the limit 
of certain string theory Q. However, non-commutativity 
is the intrinsic nature of quantum theory. For example, 
the conjugate co-ordinates, (x,p), of a quantum mechan- 
ical model are non-commutative, leading to the famous 
Heisenberg uncertainty relation 



AxAp 



(1) 



In quantum field theory the field operator and its 
corresponding momentum operator does not commute. 
It is obvious that in the presence of spacetime non- 
commutativity the spacetime co-ordinates can not be 
measured simultaneous, leading to an uncertainty rela- 
tion. For the co-ordinates x, y being non-commutative 
one gets an uncertainly relation of the form 



Ax Ay ~ 9 . 



(2) 



Incorporating spacetime non-commutativity naively in 
standard quantum mechanics and quantum field theory 
is fraught with difficulties and subtleties that one needs 
to tackle. 

The introduction of spacetime non-commutativity in 
general modifies the different symmetries of a system 
and it may break the symmetries also. So, one of the 
prime objective is to investigate the spacetime symme- 
tries in non-commutative spacetime. It is known that 
when the spacetime is non-commutative, with the non- 
commutative parameter being constant, then the Lorentz 
symmetry of a system breaks down. However it is pos- 
sible to restore the Lorentz symmetry if one considers 
the non-commutative parameter 0^ v to transform under 
Lorentz transformation accordingly. However, in 1947 
Snyder showed that it is possible to restore Lorenz in- 
variance by a non-commutative spacetime of a definite 
form [H, [§] ■ Although, the Poincare symmetry is usually 
lost. 



In order to handle the problems, associated with 
the non-commutativity, different forms of non- 
commutativity has been introduced in literature. 
For example in 0], the non-commutativity of spacetime 
deforms the spacetime symmetry algebra of a system. 
It has been shown that in relativistic case the Lorentz, 
Poincare and Conformal algebra is modified. They 
obtained a one parameter family of conformal generators 
which form a closed algebra whose commutative limit 
is smooth. The corresponding non-relativistic coun- 
terpart of the symmetry algebra for example Galilean, 
Schrodinger, non-relativistic conformal algebra are also 
studied in non-commutative space which leads to a de- 
formed algebra. Another example of getting a consistent 
Lorentz and Poincare invariance in non-commutative 
spacetime is to twist 1(1 HI the co-product defined by 
A g = T~ X AT, where T = exp(-§0' ,1 '0 ft <g> d v ). This is 
known as Drinfel'd twist. 

The above mentioned prescription for implementing 
spacetime symmetries involve only co-ordinate space 
non-commutativity. However in classical mechanics the 
phase space coordinates are treated in equal footing. One 
can consider any set of the phase space variables as the 
coordinates of the system and the remaining half then be- 
comes the conjugate momenta. Therefore, there is no rea- 
son to consider only coordinate non-commutativity and 
leaving the momenta commutative. In fact it is known 
that, in quantum mechanics, the generalized momenta Pi 
in the magnetic field, B, background do not commute, 
which leads to an uncertainty relation, 



AP 1 AP 2 ~B. 



(3) 



In this letter we consider both the coordinates and mo- 
menta to have deformation. We point out that such 
a thing is not very exotic and has been introduced 
and studied previously [H, HH, EH- We discuss the 
Lorentz transformation in a phase space where both the 
co-ordinates and momenta are non-commutative within 
themselves. Note that in 14] the non-commutative 
Lorentz symmetry has be obtained by considering only 
non-commutative space. They shows that there exists 
an invariant length in non-commutative space which re- 
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mains invariant under Lorentz transformation. It must 
be pointed out that, what we call as Lorentz transforma- 
tion is that set of transformations that leave the commu- 
tators ([3]) invariant. 

We stat our discussion of this letter by taking both 
the co-ordinates and momenta to be non-commutative as 
mentioned above. But then the Hcisenberg uncertainty 
principle will be modified in general. So, let us consider 
the phase space algebra A g § due to non-commutativity 
to be of the form 

[xn,x v ] = i29^, [p^,p„] = i29^ , 

[x IJ ,,p v }=ih(S flv + 8^9 u0 ). (4) 

Here 9^ and 9^ are the non-commutativity parame- 
ters for co-ordinates and momenta respectively. Note 
that the commutator between co-ordinates and its con- 
jugate momenta has been modified, which usually does 
not happen if one considers only co-ordinates as non- 
commuting. One can define a modified Planck's con- 
stant 



12j like h{5^ v + 9^9^/j). This algebra, A e s, is not 



consistent with the standard Lorentz symmetry because, 
the non-commutativity parameters 9, 9 are considered to 
be constant and therefore do not transform under the 
Lorentz transformation. On the other hand the Lorentz 
algebra is consistent with a phase space where both the 
co-ordinate space and momentum space are commuta- 
tive. The algebra A being 

[x lt ,x v ]=Q, \pp,p v ] = 0, [x ll ,p JJ ]=iH6 IJ/1/ . 

Note however that the commutative limit is smooth 



lim A g 

9,0^0 



A. 



(5) 



This can be taken as a guideline to get a non- 
commutative version of Lorentz transformation which 
would be consistent with the algebra Ag a. In commuta- 
tive space we know that Lorentz transformation is defined 



which leave the lengths invariant 

S 2 X = x'» = x^, S 2 p = p'^p' " = p^ . (7) 

Since we want to know how the non-commutative phase 
space co-ordinates, x^,p^, will transform under the 
Lorentz transformation ((6|) we need to know how they 
are related to the commutative phase space co-ordinates 
x viPv One possible representation is of the form 

x fi = x lx -6 fJiU p' / , Pf J ,=Pf J , + 9 l x V x u , (8) 

It is equivalent to the relation 

x M = Xfj, + 9^up u , Pn = Pn - 0^ v x v , (9) 



Let us now suppose that under Lorentz transformation 
the non-commutative phase space co-ordinates transform 
as 



x,, = x 



// - ■"n J jivP i Pfi — P[t + V[hvX , 



(10) 



which together with ((6]) and ([9]) gives the generalization 
of Lorentz transformation 

x'^ = (A« + 9^ApP a )x a + (Ap aS - e^A^p 6 , 
P', = (A«+9^A^ a )p a -(A a J a5 -9^ 5 )x s (n) 
One can of course put a restriction 



A^9 aS = 9 flu Ag, A™8 a § = 9^ V A V & , 
on the transformation which then becomes, 



(12) 



,A v J 0a ) 



P'v = (A« + ^A^^)p Q 



(13) 



The restriction (|12p is only satisfied in 2-dimensions, 
but in more than 2-dimensions it is not true in gen- 
eral 0]. Note that when both the non-commutativity 
parameters are same 9 = 9 then the Lorentz transfor- 
mation for both co-ordinates and momenta are same in 
2-dimensions. One can then define a generalized version 
of Lorentz transformation due to non-commutativity as 



(14) 



We can also consider the Poincare algebra, V, 
[J a ^r< s ] = i {-^ J aS + ^ J 135 + ri 5a J' 10 - r, 50 J'< a ) , 

[p a ,P P ] = 0, (15) 
where 



ja/3 = x <* p l3 _ x p * _ 



(16) 



In the context of our non-commutative framework, 
the operator J"' 3 , obtained replacing the phase space 
co-ordinates x^p^ by corresponding non-commutative 
counter parts x^^p^ in J a/3 , becomes 

J af3 = x a f-xPp a 

= x a p + x a ¥ v x v - 9 ap -p ll p si 

- 9^¥ v x v - < a «=> (3 > , (17) 

where < a ^=> [3 > refers to all previous terms but with a 
and interchanged. Note that the commutators among 
J^ v and p^ will not close and therefore does not form any 
algebra. However since we considered (fTT|) as our general- 
ized Lorentz transformation, which is consistent with the 
standard Lorentz algebra in commutative space ([5]), the 
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Poincare algebra (fT5|) will also be the corresponding alge- 
bra in non-commutative space. This is also commented in 
14j , but there only co-ordinate space non-commutativity 
is considered. 

In conclusion, we discussed the spacetime symmetry 
transformation for example Lorentz and Poincare sym- 
metry in non-commutative spacetime. We considered 
both the co-ordinates and their conjugate to be non- 
commutative. The reason the spacetime symmetry al- 
gebra remains invariant in non-commutative spacetime 
is that the representation of non-commutative variables 
like ((HI) is nothing but going to a new basis. 
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